Abstract. Every cosmology lecturer these days is confronted with teaching the modern cosmological standard model ΛCDM, and there are many approaches to do this. However, the danger is imminent that it is presented to students as something set into stone, merely to be accepted as a fact based on the plenty of evidences we have. This is even more critical, given that the standard model confronts us with entities not yet fully understood, namely a cosmological constant Λ and cold dark matter. In this article, we report on an advanced cosmology course exercise, conducted in computer lab, which was conceived as a means to have students experience first-hand why the ΛCDM model has become so prevalent in the interpretation of modern cosmological data. To this end, we focused on the cosmic microwave background radiation (CMB) and calculated theoretical temperature and matter power spectra, using the modern Boltzmann code CLASS. By comparing and analyzing the outcome for ΛCDM, as well as three other exotic cosmological models, the students were able to grasp the impact of cosmological parameters on CMB observables, and also to understand some of the complicated CMB physics in a direct way. Our chosen examples are not exhaustive and can be easily modified or expanded, so we express the hope that this article will serve as a valuable resource for interested students and lecturers.
Introduction
The cosmological standard model ΛCDM has been confirmed as a 'best-fit model' by many observations of the last two decades, notably by measurements of the largescale structure via galaxy surveys (e.g. [1, 2] ), the cosmic microwave background radiation (e.g. [3, 4] ), and the distance ladder using variable stars and supernovae (e.g. [5, 6, 7, 8] ) ‡. Its status as a best-fit model concerns mostly gross variables, such ‡ These lists of references are by no means exhaustive, but represent a sample of very recent constraints.
as cosmic density parameters, and parameters which relate the initial conditions to the present. However, the nature of the two main ingredients of ΛCDM -the cosmological constant Λ and cold dark matter (CDM)-, is still unsettled, despite many past and on-going efforts to reveal their detailed characteristics. This is the reason why "older" generations have often preferred to call ΛCDM more honestly the current "concordance model". For younger generations, it has morphed into the current cosmological standard model.
Teaching the cosmological standard model requires to make reference to many crucial observations like those indicated above, and students are often merely presented with the fact that these observations are nicely fit with ΛCDM. It is then not obvious to many what it would entail, if models with drastic deviations from ΛCDM would be considered, instead. An important case in point is the cosmic microwave background radiation (CMB), whose measurements have become very precise over the last decade thanks to dedicated space and ground-based facilities. Now, a student might ask: how would the familiar CMB temperature power spectrum look like, if there were no CDM, or no Λ in the Universe?
As part of her lecture course on Cosmological structure formation: theoretical foundations and modern applications §, taught in the winter semester of 2018/19 at the University of Vienna, the author devised a laboratory exercise, in which students learned to use the modern Boltzmann code CLASS, in order to investigate wildly different models and their impact on various cosmological observables. In doing so, the students not only acquire the skill to use modern cosmological software, but they also appreciate first-hand why ΛCDM has become so prevalent and important in the interpretation of modern observations.
There is yet another reason why this exercise was conceived. The physics of the CMB is relatively complicated, and students may feel a gap between learning some of the physical principles and relating them to modern observations, e.g. to the form of the CMB temperature power spectrum. In particular, the understanding of various interactions between baryons and photons, together with the dark matter, is a prerequisite in the interpretation of that power spectrum and other observables. Different assumptions on cosmological parameters imply different density perturbations and structure formation scenarios. Thus, calculating CMB spectra for models which are very different from ΛCDM helps, in turn, to gain a better understanding of the impacts of baryons, dark matter, or Λ on the CMB.
In fact, before modern observations were available, early works have attempted to predict the detailed form of the CMB spectra from first principles, using analytic calculations where possible (see e.g. [9, 10, 11] ). It is advisable to study such papers, individually or in class, in order to gain a thorough understanding of the topic. However, it turns out that our approach works well, particularly in cases when the time in lecture is limited, or when the background of students is very diverse . CLASS is open source § in German: Kosmologische Strukturbildung: theoretische Grundlagen und moderne Anwendungen
In my experience, beginning graduate students often have had only limited or no exposure to advanced software, can be easily used in a classroom environment, and gives quick results which can be discussed and analyzed. In this sense, our exercise could even be useful in undergraduate courses, and the degree of analysis is merely subject to the background of the participants. Let us also note that there are a varity of web-based applets available which allow the user to change parameters at the touch of a button or slide bar and see live how the CMB spectra change. It is needless to say that such an approach is no proper replacement, for it seems like a "black box", and does nothing in teaching students to use real scientific software which is standard in the field. The exotic models investigated and described below were chosen purely for the sake of didactic usefulness and not because they are supposed to describe reality. They do not! The lecture course covered many topics on structure formation, so due to time constraints we could not study more models in CLASS, than the ones described in this article. In addition, various parameter degeneracies made it necessary to focus on certain changes and their impact, as opposed to sampling an exhaustive number of illustrative models. With this in mind, I like to emphasize that many more possibilities could be easily studied with CLASS, in general. The author hopes that this article may help inspire similar experiments, whether performed in class or as individual student. However, this paper is not the place to present a tutorial on CMB physics; we refer to the above cited analytic papers, as well as to more recent reviews, e.g. [12, 13] for more background on this topic.
This article is organized as follows: in Section 2, we describe our use of the CLASS code. In Section 3, we present our chosen cosmological models. Section 4 concerns the questions we have studied and a discussion of some of the most important insights the students gained upon performing this exercise. Section 5 presents a short summary. In the Appendix, we briefly discuss the two versions of ΛCDM with which we were concerned in our study.
Using the CLASS code
During the advent of modern CMB observations, the community recognized the necessity to have powerful codes, which are able to calculate in detail the background evolution and the linear growth of structure formation up to and beyond the time of decoupling, after which photons started to stream freely in the Universe. The redshifted "light" from that time -the redshift of last scattering -ist now seen as the CMB. These codes allow to probe many different physical effects and their impact onto the CMB. In turn, these theoretical models can be compared to actual CMB data. There are several such codes available. I chose to use CLASS for the purpose of my course, because I have acquired experience with CLASS in my own scientific work and, more importantly, the modular structure of CLASS makes it very easy to learn and to use. CLASS has been developed by Julien Lesgourgues [14] , and there is a stream of further methodology papers [15, 16, 17] . CLASS is written in C; the code is well cosmology, before entering this field.
documented and can be downloaded for free at http://class-code.net/. We used CLASS version 2.7.1, dated from September 2018. The students downloaded CLASS, made sure it would compile (by adjusting the Makefile, if needed) and first ran a ΛCDM model. The ΛCDM model served as a basic reference to compare with the other exotic models to be described in the next section. Each version of CLASS usually comes with an input file tailored to produce a ΛCDM model, as currently favoured. In the lab, we encountered two versions, an older ΛCDM model from the first releases called lcdm.ini, and the newest one which comes with CLASS 2.7.1, called base_2018_plikHM_TTTEEE_lowl_lowE_lensing.ini. The latter is based on the parameters of Case 2.17 of https://wiki.cosmos.esa.int/planck-legacy-archive /images/b/be/Baseline_params_table_2018_68pc.pdf, as part of the latest release of Planck data [3] . In the Appendix, we discuss the differences.
Compared to the exotic models, the differences between these two ΛCDM models (old and new) are very marginal. Of course, small deviations or tensions between various observations can make a large difference in the theoretical interpretation and the respective comparison to data in the everyday life of cosmologists! But, obviously, this is not the focus of our study here. Yet, as a matter of fact, codes like CLASS have been devised in the era of precision cosmology, and it is not a matter of course to find out that the code still works well, even if we feed it with very exotic models, with parameters wildly different to the standard model. In my opinion, it is fair to say that this speaks for the robustness and reliability of CLASS. We emphasize again that the purpose of this exercise consisted not only in learning to use modern scientific software, but mostly to grasp the impacts of baryons, CDM and Λ onto observables related to the CMB. We studied the cosmological standard model, as well as some exotic models as examples and compared the respective output of these models. We did not work with CMB data itself.
Models
The standard cosmological model ΛCDM is based upon general relativity and the cosmological principle of homogeneity and isotropy of the background universe. We adopt this premise for our exotic models as well, i.e. the background geometry is in each case described by a Friedmann-Lemaitre-Robertson-Walker (FLRW) metric of constant curvature: k = 1 (closed), k = 0 (flat), k = −1 (open). Likewise, the calculation of linear perturbations on top of this metric are carried out in a standard way, for all models considered. We have not changed any equations in CLASS, whether they relate to the dynamics or thermodynamics.
The evolution of the background universe, notably the expansion history, is determined by the Friedmann equation, which is nothing but the time-time component of the Einstein field equation, using the FLRW metric:
The expansion rate or Hubble parameter, H := (da/dt)/a, is determined by the sum of the energy densities of relativistic and non-relativistic cosmic components ρ i (a), the cosmological constant Λ (if present), and the curvature term. Except for Λ, all these contributions evolve as a function of cosmic time t, or scale factor a, respectively. By convention, the present is at a = 1. In the standard model, the energy densities of dark matter ρ cdm and baryons ρ b evolve like non-relativistic matter as of a very early time, decaying as ∝ a −3 thereafter, and we also adopt this behaviour for our exotic models. Photons and neutrinos ("the radiation") evolve like ρ rad ∝ a −4 . The cosmological constant term can be parameterized as an effective energy density, according to ρ Λ = Λc 2 /(8πG). We do not introduce any further cosmic components in our exotic models, but only study what happens, if we left out a part, or changed the amount of the standard inventory. It is customary to introduce and work with fractional energy density contributions, the so-called density parameters, Ω i := ρ i /ρ c with the critical density defined as
. Then, the above Friedmann equation takes the form
which becomes a closure condition, if we adopt flat cosmologies where Ω k = 0. Of course, the latter is favoured by the standard cosmological model ΛCDM. In what follows, we include a subscript 0 to designate the present-day values of cosmological parameters. It is actually these present-day values which are input to our CLASS calculations. The students were advised to study the following models using CLASS: Except for one example, all models considered were flat, i Ω i = 1, which implies some restrictions on the kind of exotic models considered. Also, we kept many default parameters as they are informed from our experience with best-fit ΛCDM. However, we changed some of the most important cosmological parameters in our study, in order to force drastic deviations from ΛCDM, and yet be in accordance with i Ω i = 1. In some cases, we had to adjust certain other parameters in order to run the calculations successfully. Except for small differences in the present-day value of the Hubble parameter H 0 -or the reduced Hubble parameter h := (H 0 /100) s Mpc/km-between old and current versions of ΛCDM, we did not experiment with H 0 . Important details to input parameters can be found in Table 1 . The input files for our exotic Models 2-4 were adapted using explanatory.ini which comes with release 2.7.1. For all runs with CLASS we chose adiabatic initial conditions, a Newtonian gauge and no lensing (although the input file of ΛCDM (2018) has lensing included, but that makes basically no difference to the results of our study).
• the cosmological standard model ΛCDM: In this article, we present results for the most up-to-date best-fit ΛCDM model from Planck 2018, which comes with CLASS release 2.7.1 (see Sec.2); we call it ΛCDM (2018). However, in the lab we actually focused on an older, "less complicated" version, which was sufficient for the purpose of our study; we call it ΛCDM (2011). ΛCDM served as our reference model to which the other, exotic models were compared. The most important parameters are summarized in Table 1 ; but see also the Appendix.
• Model 2: no CDM component: here, we set Ω cdm,0 = 0 (this is possible in Newtonian gauge; it was not possible to set Ω cdm,0 to zero in previous versions of CLASS which were limited to synchronous gauge). Also, we pick a small negative curvature of Ω k,0 = −0.01, rendering this model universe open. The other cosmic density parameters are Ω b,0 = 0.04827542 and Ω Λ,0 = 0.94172458. This model is very much Λ-dominated at the present, hence reminiscent of the de Sitter model. Also, it may mimick a MOND universe, for we have only baryonic matter in this model.
• Model 3: no Λ component: CLASS requires the specification of Ω Λ,0 or the density parameter of another dark energy component, whether it be a fluid or a scalar field. If the latter are disregarded, Ω Λ,0 is inferred by the code automatically via (2); i.e. it cannot be set equally to zero per se. For this model, we choose a flat geometry, Ω k,0 = 0. Since we pick again a baryon fraction of Ω b,0 = 0.04827542, we set the CDM fraction to Ω cdm,0 = 0.95172458 in order to fulfill (2), which enforces a small enough Ω Λ,0 < 10 −4 , which is sufficient for us. As a result, this model universe is strongly CDM-dominated, and is a good approximation for the Einstein-de Sitter model.
• Model 4: more baryons. While Models 2 and 3 have the same amount of baryons than ΛCDM, we now want to consider a model with more baryons than ΛCDM, but leave Λ and CDM present. Here, we set the fraction of baryons to equal roughly the fraction of CDM in standard ΛCDM, i.e. we set Ω b,0 = 0.26293802 and leave Ω cdm,0 = 0.26377066 untouched. CLASS will give an error message, because this model is in conflict with Big Bang nucleosynthesis (BBN) constraints. This is a great example, for it shows the students that our cosmological standard model is informed by many probes! In order to run this model, we forced it to be in conflict with BBN by increasing the Helium abundance to 28%, beyond the allowed, favoured BBN value. Again, as we keep a flat geometry in this model, the amount of Λ is correspondingly smaller than in ΛCDM, namely Ω Λ,0 = 0.47329132. While such a model is ruled out, not only by BBN, as we will see, it would be an interesting gedankenexperiment to picture such a universe. For one thing, since the baryons in this case are not sub-dominant any longer, we would not call it "ΛCDM".
For each of the considered models, we focused on basically three types of observables:
(i) The run of density parameters Ω i as a function of scale factor a. This information can be found in output files, ending in _background.dat.
(ii) The temperature power spectrum of the CMB as a function of mode number l. This information can be found in output files, ending in _cl.dat. (iii) The matter power spectrum as a function of wavenumber k. This information can be found in output files, ending in _pk.dat.
Output (i) concerns the evolution of the (unperturbed) background energy densities, i.e. basically the expansion history of our model universes, while output (ii) and (iii) concern the spectrum of perturbations in the photon component and in the total matter component (CDM plus baryons), respectively. After the calculations were finished, the next task consisted in making plots of these quantities for each of the considered models, to note all basic properties (age of the model universes, epochs of matter-radiation equality, epochs of decoupling) and to compare the results among each other as a consistency check. Then, the students were asked to study and interpret their results, compare the different models with each other, and summarize the procedure, their results and their interpretation in a written report (a total of 19 students completed successfully the lecture course). In the next section, I will summarize some of the key insights the students could draw by going through this particular lab exercise. Fig.1-4 show plots of the considered observables for the different models, as labelled above. Table 1 shows some key input parameters, while Table 2 shows some basic output quantities, as calculated by CLASS. Similar figures and tables were also produced by the students and collected in their reports.
Questions and results

Background evolution
Perturbation spectra like the CMB and matter power spectra are notoriously difficult to interpret. Before we do that, it is highly advisable to understand the expansion history and the time evolution of the energy densities Ω i of the different cosmic components. So, we first focused on the interpretation of those. Some important questions at hand with respect to the background evolution of the models can be summarized as follows:
(i) What is the age of the model universe?
(ii) Which relativistic and non-relativistic cosmic components are present and when do they dominate the total energy density of that Universe?
(iii) What are benchmark times, like matter-radiation-equality z eq and time of decoupling z dec ? How do they change for the different models? Fig.1 shows plots of Ω i versus a for all models considered. I indicated certain important points of time: the time of BBN, which we bracket by the moments of neutron-proton freeze-out at a n/p = 1.3011 × 10 −10 and first nuclei production around a nuc = 3.3 × 10 −9 . They are the same for each model. Also, the redshifts of matterradiation equality z eq and recombination z rec are indicated for each case. Fig.1 , top left, shows the standard model. Obviously, in ΛCDM radiation (photons plus neutrinos) dominate in the early Universe, followed by matter-domination (which is basically CDM-domination), and finally Λ-domination at the present where a = 1. We have become familiar with this picture over the years. Yet, it is surprisingly absent in most cosmology textbooks, and many students were already excited by producing that first plot of the overall evolution of ΛCDM. Since Ω rad,0 ≃ 5.05 × 10 −5 is basically the same for each model (because the mean CMB temperatureT CMB is basically the same), radiation dominates early, but becomes very sub-dominant before the present, in each case. The total amount of matter differs from case to case, where Model 2 lacks CDM altogether. This changes the time of matter-radiation equality, i.e. the time when the combined energy densities of all relativistic components equal the combined energy densities of all non-relativistic components,
As in the standard model, the relativistic components are photons and neutrinos, while the non-relativistic components are baryons and CDM (if present) (their sum called "Matter" in Fig.1 ). The age of the ΛCDM (2018) model is 13.80 Gyrs and the time of matter-radiation equality is at z eq = 3407. Smaller amounts of non-relativistic matter lead to a later time of equality, i.e. lower z eq , while higher amounts shift z eq backwards in time. The two extremes are given on the one hand by Model 2 without CDM, which has a very low value of z eq = 526. This has been noted early on as a characteristic feature -and problem-for a MOND universe. Here, matter-domination sets in very late, and the matter is only composed of baryons, see Fig.1 , top right. Furthermore, Λ starts to dominate earlier than in the standard case. In such a universe with its age of 21.89 Gyrs, we would find ourselves already in a strongly Λ-dominated epoch.
On the other extreme, we have the CDM-dominated Model 3 without Λ with early matter-radiation equality at z eq = 10908. As of then, we have a prolonged epoch of matter-domination, strongly CDM-dominated, right up to the present, see Fig.1 , bottom left. Its age is 9.65 Gyrs, close to Einstein-de Sitter, as expected.
On the contrary, Model 4 has all cosmic components available like ΛCDM, but the amount of baryons is significantly boosted, which shifts the time of equality correspondingly backwards to z eq = 5745. While the sequence of cosmological epochs is close to ΛCDM, here both matter components contribute roughly equally to the total matter in the matter-dominated epoch (the curves for CDM and baryons lie almost on top of each other), see Fig.1 , bottom right. Since the baryon fraction has been boosted at the expense of Λ, we can also see that the time of matter-Λ equality is just around the present, and the age of 11.84 Gyrs is somewhat smaller, compared to the standard model. Now, the age of both, Model 3 and 4, is in contradiction with the oldest stars and galaxies we know, so they would be already ruled out on these grounds.
A look at Table 2 for the time of recombination z rec indicates a very well-known fact: that the value of z rec depends only slightly upon the cosmological density parameters, but exponentially on the temperature of the baryon-photon fluid. The various numbers for z rec differ from the one of ΛCDM (2018) by less than two percent. The same applies to the redshift z bd at which baryon drag stops, except for Model 4 where the deviation to ΛCDM (2018) is a little less than ten percent. The differing amount of baryons among our models will change the detailed timeline of when z bd follows z rec . Nevertheless, since baryons are always sub-dominant to radiation at that time, the "release" of baryons takes place after decoupling, so for each model we have z rec > z bd . However, there is an overall delay of decoupling in high baryon density models, leading to a lower redshift of z rec , which is exemplified again by Model 4.
Moreover, while we normally have that z eq > z rec , Model 2 without CDM is the only case when z eq < z rec , thanks to its low matter content, i.e. decoupling happens here in the radiation-dominated epoch, another curiosity of this model.
As a final remark, we note that in all models with Λ that contribution is always very sub-dominant in the early Universe, right through the time of decoupling, and becomes only significant for redshifts lower than z ∼ 10. The "impact" of no Λ in Model 3 is only related to the fact that we have kept a flat geometry, so we pushed Ω cdm,0 to a high value, which will change the form of the CMB spectrum, accordingly, as described in the next subsection. For each model, we indicate the respective redshift of matter-radiation equality z eq and redshift of recombination z rec . The epoch of BBN is bracketed between a n/p and a nuc , and is the same for each model. The age of each model universe is also indicated. More explanations can be found in the main text.
CMB temperature power spectrum
We now turn to the scalar perturbations -basically density perturbations-, which develop on top of the FLRW metric in the different models considered ¶. It is believed that the seeds of these perturbations are created, or at least enhanced during the inflationary epoch, which provides the initial conditions, or primordial spectrum. Density perturbations evolve in any component which is able to "clump", i.e. which can undergo some gravitational instability; these are CDM, baryons and radiation. The interplay of these components shapes the power spectrum of the photons (CMB temperature spectrum), as well as the power spectrum of the total matter content (matter power spectrum), discussed in the next subsection. Before z rec , the baryonphoton fluid was tightly coupled and the antagonism between gravitational pull of the CDM and baryons on the one hand, and radiation pressure of the photons on the other hand, created the pattern of acoustic peaks seen in the CMB spectrum. While the amount of radiation in the universe can be determined, once we know the CMB temperature, the detailed form of the acoustic peaks depends upon the fraction of CDM and baryons, present in the universe. As a result, the CMB spectrum allows to extract fundamental cosmological parameters in a very robust
(refering to the total matter) and Ω b,0 h 2 . The density perturbations at the time of last scattering are imprinted on the CMB by variations of the temperature about the meanT CMB = 2.726 K. The size of this "temperature contrast" is of order δT /T CMB ≈ 10 −5 . This observational fact, together with theoretical considerations, lend support to the idea that the evolution of density perturbations can be treated in a perturbative manner, i.e. basically to linearize the original nonlinear coupled differential equations of motion of a multi-component cosmic "fluid". The evolution of perturbations is complicated by the expanding background, and the finite speed of light. As a result, we are concerned with particle horizons of order c/H(a) which change with time (or scale factor), and the size of a particular perturbation (i.e. its wavelength) needs to be compared with respect to this horizon: superhorizon perturbations have wavelengths larger than the horizon, while subhorizon perturbations have wavelengths smaller than the horizon. Now, let us introduce some basic notation. In order to analyze the CMB temperature fluctuations, which are sourced by stochastic initial conditions in the density distribution, one adopts a statistical description: by introducing the Fourier decomposition of the density contrast, averaging the squares of the Fourier coefficients over different realizations of the density field, one can calculate the variance as a measure of the clumpiness at different spatial or angular scales, respectively (see also the paragraph surrounding equ. (7)). On the celestial sphere, it is appropriate to decompose ¶ We disregarded vector and tensor perturbations in our study, whether they be intrinsic or extrinsic, e.g. those caused by CMB lensing through large-scale structure. + A priori, the density parameters at the present (z = 0) may not coincide with those at z rec probed by the CMB. It is only that in the standard cosmological model, we know the exact inventory and therefore know how they evolve.
the map of δT /T CMB as a function of position on the sky with spherical angles (θ, φ) into spherical harmonics Y lm , which are characterized by the mode number l and order m:
with the equivalent to Fourier coefficients
and the integral is over the whole sky. Because of assumed isotropy, the coefficients a lm are a function of l only. The multipol moment C l is defined by
where the brackets denote the average over m for every l; l equals a wavenumber on the sky and roughly l ≃ π/θ with the angular size θ on the sky. The multipol moments are related to the autocorrelation function of the CMB temperature contrasts. Different physical effects operate on different spatial scales, and these can be analyzed in a plot of C l versus l. By convention we plot the quantity
C l versus l; these are the CMB temperature power spectra plotted for all of our models: Fig.2 shows plots over a range of l = 0 − 2500, while Fig.3 shows a zoom-in to low l and a double-logarithmic representation, which is commonly considered. In CLASS, the output CMB multipol moments C l are dimensionless.
Some important questions at hand with respect to the CMB power spectrum of the models can be summarized as follows:
(i) Where is superhorizon and subhorizon physics at play?
(ii) Where is the location of the first acoustic peak; is it stable ? What is the height of the first acoustic peak; does it change ? As a result, what does this imply for the robustness of determining the curvature of the model universe?
(iii) What is the location and height of the i) second peak, and ii) third peak? How do they change?
(iv) How does the oscillation pattern at high mode numbers change, compared to ΛCDM?
Naturally, the interpretation of the perturbation spectra is not a simple task, especially for newcomers to the field. However, all students were able to grasp the main changes and their causes, which speaks for the usefulness of this lab exercise in teaching cosmology. Again, as this is no tutorial on CMB physics, we have to presume that the reader is somewhat familiar with the standard CMB spectrum, and focus our attention mostly on the changes we can see in the exotic models. Also, our entire focus lies in the so-called primary features/effects which are intrinsic to the CMB spectrum, so we do not consider secondary or tertiary effects, which shape the spectrum while the CMB photons traverse the Universe up through the Milky Way to us.
The Hubble radius (or horizon) at z rec represents an important scale: superhorizon perturbations have not yet entered the horizon at that time, and they preserve the features of the primordial spectrum, which is nearly scale-free. Since the initial conditions are basically the same for each model (never mind some tiny variations in the exact values for A s and n s ), all curves in Fig.3 can be seen to become almost constant for low l: models with flat geometry roughly converge to the same value, as opposed to Model 2 which has an open geometry.
On the other hand, subhorizon perturbations with wavelengths smaller than the horizon size were able to enter prior to decoupling and they are subject to gravitational instability. As time goes by, perturbations with larger and larger wavelengths were able to enter the horizon (i.e. successively became subhorizon), until z rec when the CMB was "released". The first acoustic peak corresponds to that oscillation whose size was just big enough to fill the horizon size at z rec , i.e. the location of the first peak is mainly determined by the global geometry of the Universe. In flat cosmologies, the first peak is predicted to lie around l ≈ 220. However, since a change of the baryon and CDM densities can affect the location of the first peak, as we will see, we would need to fix those densities (corresponding to fixing the peak height) in order to receive a truly stable criterion for the determination of the global geometry.
The standard model ΛCDM is depicted as the red, solid curve in Fig.2-3 . We recognize the familiar run and height of the acoustic peaks, as well as the strong damping tail due to photon diffusion for high l: the first peak is located around l ≃ 220, and the heights of the second and third peak are roughly equal. Now let us turn to Model 4 which, in a sense, is the closest to ΛCDM, although the highly increased baryon fraction makes a clear difference. Its spectrum is given by the pink, dotted curve in Fig.2-3 . While Model 4 has a global flat geometry, we can clearly see that the first peak is shifted to higher l, compared to ΛCDM. This occurs because the increased baryon fraction implies a lower speed of sound of the coupled baryon-photon fluid, and as a result the sound horizon shortens which shifts the peak towards higher l, away from the location of flat universes, similar to what an open geometry would do. Also, one main impact of varying the baryon fraction concerns the relative(!) amplitudes of the peaks. Increasing the baryon fraction (as in Model 4), leads to an increased baryon drag which, in turn, enhances the amplitudes of compressional (odd-numbered) peaks, while it suppresses rarefaction (even-numbered) peaks, thus the first and third relative peak heights are visibly enhanced, compared to ΛCDM. The reason can be found in the fact that a higher baryon fraction amounts to a higher mass of the baryon-photon fluid; the fluid is concentrated into denser and denser regions before radiation pressure is able to push back. Higher mass means lower frequency of the acoustic oscillations (akin to a simple harmonic oscillator), so the peaks occur on smaller spatial scales, i.e. higher l, compared to the lower baryon density of ΛCDM. Also, the energy of the oscillations increases which pushes the peak amplitudes to higher values. Furthermore, the diffusion damping by the photons is less efficient for higher baryon fraction, hence the power at high l is relatively less suppressed in Model 4. Now let us turn to Model 2 without CDM which is the green, long-dashed curve in Fig.2-3 . Here, we only have baryonic matter, i.e. we push the relative baryon fraction to the ultimate end. The growth of overdensities is severly limited here by essentially two factors, namely that decoupling occurs in the radiation-dominated epoch, when that universe expands faster than it would in a matter-dominated phase, and because there is no CDM. Hence, there are no CDM overdensities into which the baryon-photon fluid can fall, and overdensities in the baryons are severly suppressed. It is thus very implausible that structure could have formed rapidly enough, in order to give rise to the formation of the first galaxies in such models. Again, this is a classic problem of MOND universes * and the timing issue of structure formation has been long considered as one cornerstone supporting the evidence for dark matter. Yet, we want to understand the spectra in such a universe to compare them to the standard model. Indeed, before the CMB spectrum was measured to the high precision we know it now (and before the high-z supernovae distance measurements started to favour ΛCDM), it was not so obvious to dismiss a low total matter content. A discussion of CDM versus MOND (resp. low total matter) models and their impact onto the CMB spectrum can be found e.g. in [18] , which also served the author as a source to understand the outcome of Model 2. The CMB spectrum of Model 2 looks like a very nice harmonic, damped oscillation, which shows the baryon-photon fluid at play, completely unhindered by CDM. However, in order to connect to what we have said previously, we notice that in the limit where baryons constitute all of the matter, the even-numbered peaks are suppressed to the point of disappearing! Therefore, what looks like the second and third peak, is actually the third and fifth peak, respectively. Thus, the typical "odd-even effect" as a measure of constraining the fraction of CDM versus baryons has disappeared altogether. Also, the peaks are perceptibly broader and the amplitudes are higher in Model 2, compared to all the other models. Again, as seen already in Model 4, the increased baryon fraction shifts the peak locations to higher l (smaller angular scales). However, part of the shift of the first peak is due to the fact that the Model 2 universe is open. Moreover, in this model we have the smallest amount of suppression of power due to photon diffusion at high l.
Finally, we turn to Model 3 without Λ, which is strongly CDM-dominated. It is depicted by the blue, short-dashed curve in Fig.2-3 . Increasing the total matter content in such a dramatic way enforces a suppression of the entire spectrum and its peak amplitudes: the first two peaks become suppressed by a larger factor, enhancing the relative height of the third and following peaks. The well-known fact that the height of the third peak is a particularly good indicator for Ω cdm can by clearly appreciated * However, I should note that MOND models do not require an FLRW background metric, although they can be made consistent with FLRW. Also, the fundamental equations of structure growth would be different. Although the impact of the modifications brought about by MOND are believed to be small in the early Universe, matter density contrasts can grow faster than ∝ a ∼ t 2/3 in a matter-dominated background. In any case, if we want Model 2 to mimick a MOND universe, we should bear in mind that our interpretations are based upon important assumptions. in this model. As the baryon fraction is decreased, the acoustic peaks move towards lower l (larger angular scales), and the frequency of the oscillations increases, due to the smaller mass of the baryon-photon fluid.
Matter power spectrum
In this subsection, we turn to the (total) matter power spectrum of our models. We already indicated briefly the statistical description of density perturbations before we introduced the CMB multipol moments. Let us now introduce the notation we use here: using the matter density contrast at a fixed time t (or a or z), δ( x) = (ρ( x) −ρ)/ρ, whereρ shall denote the homogeneous background matter density, and its Fourier decomposition (assuming δ( x) is a periodic function over a side-length L of the "universebox"),
where δ k are the Fourier coefficients and wavevector
we can again estimate the variance by averaging the squares of the Fourier coefficients over different realizations of the density field for a fixed wavenumber k := | k|; this is the power spectrum
and because of isotropy, P (k) does not depend on the direction of k. By analogy to the C l 's, the power spectrum P (k) is related to the autocorrelation function of the density contrast. We plot P (k) at z = 0 in Fig.4 as a function of wavenumber k, for all models considered. In the standard cosmological scenario, the matter power spectrum can be accurately described by linear theory up to about k ∼ 0.1 h Mpc −1 . In principle, one can estimate the nonlinear contribution by routines like "halofits", and CLASS is also able to do this (it is taken into account in ΛCDM (2018), but the resulting difference is of no concern to our study here; see also the Appendix).
Some important questions at hand with respect to the matter power spectrum of the models can be summarized as follows:
(ii) What is the overall shape? Are there changes? (iii) Does the peak shift location or change height? (iv) How does the oscillation pattern at large k (i.e. small spatial scales) change, compared to ΛCDM?
In the last subsection, we have already identified the main physical causes of the changes we see between models. Of course, the same physics is at play in the matter power spectrum. Therefore, it simply remains to highlight the visible changes we see in Fig.4 .
In a sense, the CMB and matter power spectra look "similar" in that there is a rise to a first peak, followed by smaller peaks with less power. While the CMB spectrum reflects much more visibly the physics of the coupled baryon-photon fluid, the matter power spectrum is mostly shaped by CDM which suppresses these peaks in P (k). This picture is nicely illustrated in the standard model, which is the red, solid curve in Fig.4 : while the superhorizon perturbations are well described by a nearly scale-free run, P (k) ∝ k ns with n s 1, we observe a falloff above around k ∼ 10 −2 h Mpc −1 , which indicates the transition to the subhorizon regime where the acoustic oscillations of the baryon-photon fluid make their mark as small "wiggles". Here, in the matter power spectrum, these oscillations are referred to as baryonic acoustic oscillations (BAO). The overall slope in the subhorizon regime goes as P (k) ∼ k −3 , as expected. Let us consider again the effect of increasing the baryon fraction by looking first to Model 4 -the "closest" to ΛCDM-, which is the pink, dotted curve in Fig.4 . While the overall slopes for small and large k do not change, the BAO wiggles have markedly increased, indeed. We also see an overall suppression of the entire spectrum, another feature of elevating the baryon fraction. Now, we push the baryon fraction further to the extreme of Model 2, depicted as the green, long-dashed curve. This is a pure baryon power spectrum, and it looks like expected: the amplitude of the first peak is enhanced, compared to ΛCDM, similar to what we see in Fig.3 , and the oscillations are much more pronounced than in any other model. Yet, their power is severly suppressed because this is a model of low total matter content without CDM. As Model 2 describes an open universe, we see more power at small k, but the superhorizon slope is unchanged. Finally, Model 3 without Λ is strongly CDM-dominated and therefore the BAO feature is highly suppressed to a level where it is invisible in this plot, see the blue, short-dashed curve in Fig.4 . It is a very smooth power spectrum which is almost totally shaped by CDM alone and, again, it preserves the overall slopes for small and large k.
Comparing the location of the maximum (the "first peak"), we can clearly see another well-known phenomenon: the peak shifts to the right, i.e. to larger k (smaller spatial scales), if the time of matter-radiation equality happens earlier, i.e. for higher z eq . For ΛCDM (2018) with z eq = 3407, the maximum is at k H = 1.6576 × 10 −2 h Mpc −1 which corresponds to a spatial scale of 379 h −1 Mpc: most of the variance in the cosmic density field in the universe at the present epoch is below that scale. By the same token, the two extremes of Model 2 (z eq = 526) and Model 3 (z eq = 10908) have their maximum power at wavenumbers of k H = 3.1053×10 −3 h Mpc −1 and k H = 5.3174×10
−2
h Mpc −1 , respectively, which corresponds to scales of 2023 h −1 Mpc and 118 h −1 Mpc, respectively. Like ΛCDM, Model 4 with z eq = 5745 lies in between these extremes, k H = 2.2244 × 10 −2 h Mpc −1 corresponding to 282 h −1 Mpc.
Summary
We reported on a computer lab exercise, as part of an advanced cosmology lecture course of the author. We used the open source software CLASS, in order to calculate the background evolution, the CMB temperature power spectrum and the matter power spectrum for the standard cosmological model ΛCDM, as well as for three exotic models with very different cosmological density parameters, compared to ΛCDM. Our chosen exotic models are firmly ruled out by modern cosmological and astronomical observations. However, the purpose of our exercise was not only to learn to use CLASS, but mostly to gain intuition and understanding of the impacts of baryons, CDM and Λ on the CMB spectra. By comparing these impacts among the different models, the students were able in a first-hand approach to grasp the importance and prevalence of the current cosmological standard model ΛCDM in the interpretation of modern data. has brought about the necessity to include the mass of the neutrinos, as well as other factors previously disregarded (e.g. lensing of the CMB photons on their way to us due to large-scale structure). In our CLASS lab exercise, we considered an old ΛCDM model from the early time of CLASS (termed ΛCDM (2011) with input file lcdm.ini), as well as a new model which comes with the CLASS release 2.7.1 (termed ΛCDM (2018) with input file base_2018_plikHM_TTTEEE_lowl_lowE_lensing.ini) which reflects the most current Planck data release of 2018 (see also Sec.1). ΛCDM (2018) includes one massive neutrino species and takes care of CMB lensing. Many more parameters of ΛCDM (2018) are updated with respect to older benchmark models, like Helium fraction, or the amplitude and index of the primordial scalar spectrum, A s and n s , respectively. Also, it includes an estimate of the nonlinear contribution to P (k) and C l , using a 'halofit' routine.
Of course, the deviations between ΛCDM (2011) and (2018) are marginal, compared to the exotic models considered for this study, so from this perspective it does not matter which reference ΛCDM model we choose. For the sake of this article, we pick ΛCDM (2018) in all of our plots. In order to demonstrate their similarity, compared to the other models, we show plots of the CMB temperature and matter power spectra for both ΛCDM models in Fig.A1 .
